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Thermal Properties of Alkaline Earth Oxides
II. Analysis of Experimental Results for MgO, CaO, SrO, and BaO *- **

E. GMELIN ***

Centre National de Recherches sur les Trés Basses Temperatures, Grenoble, France

(Z. Naturforsch. 25 a, 887—893 [1970] ; received 3 February 1970)

The heat capacities of MgO, Ca0O, SrO and BaO, reported in part I have been analysed in terms
of the frequency spectrum of the lattice with the assumption that the effect of anharmonicity of

the lattice may be neglected for T < (@p/3).

Following the usual procedure the n-th moments of the frequency spectrum with n=—3, —2,
—1, 0, 1 to 6 were calculated from the experimental data. From the low frequency expansion the
apparent Debye characteristic temperature at 0 °K, @, , is calculated to be in good agreement with
6, (elast.), calculated from elasticity data. Also the limiting values at high temperatures, @, , and

the zero point energy, E, , have been calculated.

A comparison between the heat capacity data, the elastic constants and thermal properties of
these oxides and the alkali-halides suggest that the interatomic forces of the alkaline-earth-oxides
are rather similar to those of the alkaline fluorides. But no specific divalent character has been
detected for these oxides. An appreciable anharmonic effect is present for all oxides.

1. Introduction

A number of recent attempts to understand the
detailed nature of the vibrations within simple ionic
solids has been successful !. Most of these investiga-
tions deal with the reasonably well known proper-
ties of the alkaline-halides, which have a monoionic
lattice. It seemed worthwhile to extend these investi-
gations to divalent lattices. The alkaline-earth-oxides
also have a very simple structure (cubic-face-center-
ed) which suggest relatively simple interatomic po-
tentials. Consequently their thermal data are parti-
cularly suitable for direct comparison with the pre-
dictions of the lattice theories.

A first part of this article > deals with the experi-
mental method and corresponding results for the
specific heat of the alkaline-earth-oxides; in this part
the results are analysed.

Although detailed informations about the fre-
quency spectra generally cannot be obtained from
inversion of the heat capacity curves, a precise
knowledge of the specific heat is extremely valuable
when comparing the consequences of assumptions
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made in various lattice theories with experimental
results. BARRON 3 and his coworkers have shown the
importance of the moments of the frequency distri-
butions for the temperature variations of various
thermodynamic properties; they also showed how
these moments may be calculated from experimental
data. We apply this method although its accuracy
is limited. But at present no frequency spectra for
theoretical models for the alkaline-earth-oxides nor
any details about their interatomic forces are known.

Attempts to understand the nature of the anhar-
monic effects, present in oxides studied, have been
made by different investigators . A detailed analysis
of these anharmonic effects together with heat capa-
city data above 300 °K will be discussed later.

2. Correction of Thermal Expansion

The experimental heat capacities were measured
at constant pressure, c¢,, The heat capacity at con-
stant volume, ¢, , may be computed from:

-
BT Tk (repfV 2T (1a)

-
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[B, volume coefficient of thermal expansion; V', mo-
lar volume; y, compressibility].

Unfortunately, § and y are not yet known exactly
for Ca0, SrO and BaO, so that some approximations
are necessary. If better values become available, it
will be possible to recalculate, ¢, , from the primary
experimental measurements and to improve the ac-
curracy of the succeeding analysis. Nevertheless the
inaccurracy does not exceed 1%.

Therefore c,—c, have been calculated approxi-
mately from:

¢p—p=0.0214¢,2 T/T (1b)

[Tr, melting temperature; Ty(CaO) = 2575 °K;
Ty (SrO) =2415 °K; Ty(BaO) =2200 °K ?].

The values of c¢,(Vr) calculated from relation
(1a) or (1b) correspond to the heat capacities with
the volume at T °K retained constant. In order to
reduce ¢, (V) to the volume of the crystal at 0 °K,
¢, (V) we use the following formula 6:

On (Vo) [Op (V1) = (0o/or)” = (V2[Ve)”  (2)

[0 and o7, densities at 0 °K and 7 °K; 7, Griin-
eisen parameter].

However, the lack of accurate values for y (this
means  and %) of these oxides, except MgO, does
not allow to introduce accurately this correction. But
for MgO at 300 °K the ratio O (V,)/Op(Vr) is as
small as 1.005 (less than 0.5%) and even smaller at
lower temperatures. A rough estimation of this ratio
for Ca0, SrO and BaO based on well known p-data?
gives corrections less than 0.5%.

But thermal expansion is not the only anharmonic
effect that needs to be corrected. Even if the crystal
is maintained at constant volume anharmonicity due
to the vibrations themselves leads to contributions
to the heat capacity® which becomes increasingly
serious with increasing amplitudes of the vibrations,
so that Oy, tends to fall off for T = @p/3. This was
observed for some alkali-halides® and has been as-
sociated with anharmonic effects, which are also pre-
sent in our measurements. In order to obtain the
harmonic contributions of the heat capacity for ana-
lysis of the spectrum, we therefore shall extrapolate
our results below 7 < Op/3 to infinity (see § 3.2).

With respect to these facts the correction given

5 P. PascaL, Nouveau Traité de Chimie, Vol. IV, Masson et
Cie, Paris 1958.

6 T. H. K. BARrON, Phil. Mag. 46, 720 [1955].

7 E. W. MonNTROLL, J. Chem. Phys. 10, 218 [1942].
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by the relation (2) becomes less important and was
therefore neglected. But this does not change the
essential results of this analysis.

3. Analysis of the Experimental Results

In order to compare the thermal properties of the
oxides, the n-th moments of the lattice vibration
spectra were calculated. These moments are defined
as:

1 oo
Mn=gx [w" G (w) dw (3)
0
N, Avogadro number; w, normal mode frequency;
G (w), frequency distribution of the spectrum.
The mutual consistency of these moments is con-

veniently displayed by means of the function wp,(n)
defined by:

wp (n) ={}(n+3) w,}'"; (n+0; n= —3). (4)

wy (n) is the maximum frequency of the Debye-dis-
tribution with the same n-th moment as the actual
crystal, and which would be a constant for a Debye
spectrum.

On the other hand the limiting values of wp (n)
asn— 0 or — 3 are represented by

wp (0) =ew, = (K O/h) (5)
and

wp (—3) = (K 6y/h),

E,=6Nhu,2 (6)

where w, is the geometric mean frequency of the
spectrum calculated from a high temperature expan-
sion involving the entropy ?; @& gives the limiting
value of the entropy at high temperatures and E, the
zero point energy of the crystal 3.

3.1. The Low Temperature Region

The low temperature heat capacity of an insulator
can be expanded in the form:

Cy=aT?+bT°+cT7+... (for Cx <0G/20) (7)

where the coefficients a, b and ¢ are directly related
to the expansion for the frequency spectrum at low
temperatures:

G(w)=2N(aw?+fo*+3wb+...) (8)

8 R. E. PeierLs, Quantum Theory of Solids, Oxford Univer-
sity Press, Oxford 1955.

¢ L. SALTER, Proc. Roy. Soc. London A 233, 418 [1955].

%a A. A. MarapupiN, E. W. MonNTrOLL, and G. H. WEIss,
Sol. State Physics, Suppl. 3, p. 121, Academic Press 1963.
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with .
15/ a h 21 b h\8

BB e Bl

15 c h\?
2GR
(h, Planck constant; K, Boltzmann constant; R, gas
constant).

The coefficient a is primarily directly related to
the Debye characteristic temperature at 0 °K, O,
by a=[(2x12a%*R)/5]/0 [J Mol™1 (°K) %]
and secondly to wp(—3) by Eq. (6). 0, is readily
derived from a, determined best by a graph (C/T)
vs. (T?). The coefficients b and ¢ were determined
by least square fitting of the experimental data to
Eq. (7) or by plotting (C/T?) vs. (T?).

The corresponding coefficients and ©,, derived

from the present analysis are given in Table 1 and
presented in Fig. 1.

Parameter MgO CaO SrO BaO
6o 945 4+ 1 605 +2 401 -+-0.5 2324+0.5
6o 949 620 — —

(elast.)
a 0.4618 1.7412 6.002 28.92
b-108 0.227 6.239 42.06 821.2
c-109 0.1729 28.47 773.4 9206
o - 1039 1.186 4.469 15.45 74.50
p - 1065 0.5830 13.17 88.40 723.0
y - 1091 1.512 249.0 6450 81030

Table 1. The coefficients of the low temperature heat capacity
and of the low temperature frequency spectrum and the com-
parison of ©; and O, (elast.).

The O,-values for MgO and CaO derived from
the elastic constants have been calculated by differ-
ent methods, indicated also in Table 1.

The agreement between O, (cal) and @, (elast)
is only very good for MgO. For CaO there is a dif-
ference of about 3%, however it should be remem-
bered that ©, (elast) for CaO has been calculated
from the elastic constants at room temperature. For
SrO and BaO no experimental data for the elastic
constants are yet available.

3.2. The High Temperature Region

The high temperature expansion for the equi-
valent Debye characteristic temperature, derived
from the expansion of the heat capacity as a power
series 19 in 1/T2 can be used to determine the first

10 H, THIRRING, Phys. Z. 14, 867 [1913].
11 C.Dowms and L. SALTER, Phil. Mag. 43, 1083 [1952].
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few even moments of the spectrum. This series in
1/T? which converges rapidly at low temperatures
may be written in the form 11:

O (Vo) =0u{1-4 (%) +8(%) - +...}
where (9)

(10)

4= (1%)(%) - 2?) ; B 214100 ' {(%B o }8_215)_ 146 A}

and u, , py , U are even positive moments.

The value for O, was derived from a plot
Op (V)2 vs. (1/T) by extrapolating the curve to
the intercept 1/T2 = 0; the coefficients A and B were
determined again by a least square method and by
the plot of

- @ w5

in the range of Op/6 <T <Op/3; the intercept of
the curve with the axis gives 4 and its slope gives

—B.

Parameter MgO CaO SrO BaO
Ooo 776 + 2 605 + 4 446 + 5 370+ 4
A -104 29.0 80.0 160.0 277.5
B-104 0.50 145 4.20 6.10
0 779 579 417 302

wg - 1013 1.164 0.8661 0.6230 0.4513

S(J/Mol) 27.19+0.1 38.34+0.1 51.9+0.1 66.9-40.1
0°C

E, 14700 11200 8050 6250

Table 2. The values of @, , 4, B and ©_(s), the geometric
mean frequency wg, the entropie, S, and the zero point en-

ergy, E;.
Reduced
frequency MgO CaO SrO BaO
w(n)

w(—3) 1.968 1.261 0.837 0.485
w(—2) 1.760 1.215 0.815 0.510
w(—1) 1.670 1.200 0.820 0.565
w(0) 1.623 1.210 0.851 0.630
w(1l) 1.623 1.230 0.871 0.691
w(2) 1.620 1.265 0.921 0.772
w(4) 1.635 1.340 1.050 0.891
w(6) 1.680 1.378 1.069 0.945

Table 3. The reduced frequency spectrum of the alkaline earth
oxides (frequencies of the Debye distribution with the same
n-th moments).
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3.3. The Intermediate Temperature Region

In addition to the moments uy, w4, ug obtained
from Eq. (9) other moments of the frequency spec-

trum can be calculated from integrals of the form 12:
1 cp(Vy) £ '
vic | Eoar=T(n+1) &) pi-n— 72

I S - +1_Bas | 2s=1 | pE

Tn—1 +s§1( ~&F (2s)! 2s+n—1 T2+n-1

(11)

where I'(n+1) is the gamma function, &(n) the
Rieman zeta function, By, the Bernoulli numbers and
1 <n<4. The numerical values deduced from the
above analysis are given in Table 2 and 3.

4. Discussion of the Results of the
Present Analysis

A direct comparison of the experimental frequen-
cy spectrum and a theoretically calculated one would
be the best analysis. However no frequency spectra
for theoretical modes corresponding to these oxides
are at present available for comparison and very
little appears to be known in detail about the inter-
atomic forces. But by comparing the present results
with those obtained for monovalent ionic crystals
and with some general relations between Debye tem-
perature and crystalline parameters we may see any
significant differences.

4.1. Oy and O, as Function of Mass and Lattice
Parameters

The limiting value O, is given by a complicated
function of the elastic constants, 4, involving the
interatomic forces, the density and the value of a
unit cell > 13:

e
@0 ~ [Z’i/’ Ve

Vs A
= aym (12

[M, molecular mass; a, lattice distance in the cubic
structure].

Assuming that the interatomic forces are identical
for all oxides, 4 should be constant and @, a func-
tion of (a VM)~! only. This is shown in Fig. 1
where 0 as function of a M is plotted.

An equal relation exists at high temperatures

Oun1/VM* . (13)

14

12 J, L. HWANG, J. Chem. Phys. 22, 154 [1954], and Ref. 3.
13 Eq. derived in Ref. 3.
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Eq. (13) holds, if all ions are submitted to the same
effective field in the crystal; M* is the reduced mass
of the molecule: (M~ 1)* = (m™ 1)z, + (m V) gay. -

T T = -r T —

8oor

600t

400r

2001 § 4| 1
e i

1 2 3 4 5

Fig. 1. Debye temperature @, at 0 °K of the alkaline earth

oxides and alkaline halides as function of a})/M (a, lattice

parameter in the cubic structure; M, molecular mass). + al-

kaline fluorides, /\ alkaline chlorides, X alkaline bromides.
O alkaline iodides.

800 L4 v T T
4
700r 1
600k Ca0 i
500r 1
[ Sr0
4001 1
I Ba0 1 [ ‘i
L [q ]
300 1 U V(I Ak A ,-LVE - A
085 Q9 0.95 1

Fig. 2. Debye temperature & at high temperature of the al-
kaline earth oxides as function of the reduced molecular mass,
M*,

13 M. BLACKMANN, Handbuch der Physik, Vol. 7 (1) [1955].
14 M. BLACKMANN, Proc. Roy. Soc. London 181, 58 [1942].
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Figure 2 shows that Eq. (13) is correct also for the
alkaline-earth-oxides.

From Figs. 2 and 1 we conclude that the inter-
atomic forces in these oxides are quite identical,
even more, the same relations (13) and (12) are
correct also for the alkaline-halides (e. g. see Fig. 1).
In conclusion we can say that the interatomic forces
between alkaline-earth-oxides and -halides are rather
similar.

T T T T T T T T

win) [Ioﬂsec'fl

2 3 4 5 6
Fig. 3. Reduced frequency spectrum w(n) as function of n
for the alkaline earth oxides and the alkaline fluorides.

03 =2 0 1

4.2. Reduced Frequency Spectrum wp (n) versus n

It is not adequate to discuss the frequency spec-
trum itself in terms of the function wp(n), because
this function is relatively insensitive to the shape
of the spectrum.

It is easily seen from Fig. 3 that the effect of the
masses of the constituent ions may be remarkably
reflected in the function wp(n) rather than in the
frequency spectrum itself. The absolute value of
wp(n) increases with decreasing mass of the anion
in a series of compounds having the same cation.
Comparatively appreciable differences between the
shape of wp (n) in Fig. 3 leads to the following con-
clusions.

Both the steady increase in the ratio of higher to
lower moments and the decreasing curvature of the
wp(n) curve between n= —3 and n=0 on going
from MgO to BaO presumably indicate a gradual

891

increase in the density of modes at higher frequen-
cies in the spectrum.

However the increasing values of the coefficients
a, b and c indicate that the deviation of the wp(n)-
spectrum from a pure Debye spectrum [G(w) ~ w?]
increases on going from MgO to BaO. This means
that the number of modes of the vibrations spectrum
wp (n) rises quicker at low frequencies for BaO than
for MgO but the mean part of the spectrum extends
to higher reduced frequencies.

This behaviour is equal to that of the alkaline-
halides !* having the same cation. Their spectra and
their equivalent moments have been calculated by
KARO !5 and partially proved experimentally.

Comparing the present moments of the oxides
with those of the alkaline-halides this shows that the
ratio of the moments:

wp (ni; BaO) . wp (ni; Sr0)
wp (ni; CsF) * wp (ni; RBF) *

etc. are nearly constant.

This means that the interatomic forces in both
series of oxides and fluorides are virtually identical
and we conclude that the oxides may be treated
theoretically with the same models as the well estab-
lished properties of the alkaline halides.

The series of curves wp(n) versus n in Fig. 3
reveal that the variation for positive values of n is
lee marked and the curve flattened over considerably
wide ranges if the mass ratio of the constituent ions
approaches unity; i. e. MgO for the oxides, NaF for
the fluorides. This observation suggests that the
actual spectrum approximates more closely to the
Debye-distribution as the masses of the components
becomes close to unity.

It should be noted that wp(n) rises more rapidly
as n— —3 for MgO than for BaO; the minimum
of the curve shifts to higher n-values in the same
direction. It is not yet clear if this effects are due
also to the ratio of masses.

4.3. Variation of the Reduced Debye Temperature
with Reduced Absolute Temperature;
Effect of Mass Factor

A further correspondence between oxides and
fluorides at both high and low temperatures is of-
fered by examining the reduced Debye temperature
(1—-0Op/6,) as a function of T/O,, given in Fig. 4.

15 A. M. KaRro, J. Chem. Phys. 33, 7 [1960].
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Fig. 4. Deviation of the reduced Debye temperature
[1—(@Op/By)] from the value at 0 °K as function of reduced
temperature, T/@, , for the alkaline earth oxides and alkaline
fluorides. I indicates the influence of an error of 10 °K in 6, .

The mass factors of oxides and fluorides are very
close together. With the assumption of identical in-
terionic forces, this implies nearly identical varia-
tions of (1—06p/60,) with T/, for large T (T/O,
>1/5). The coefficient 4 [Eq. (10)] is the most
clearly defined parameter at high temperatures in
describing the departure of @p from O, 4 should
be very sensitive to the type of interatomic for-
ces 3 13_ but less sensitive to the mass ratio. However
experimentally it was found to vary smoothly with
the mass ratio for the alkaline halides. The same
relation fits surprisingly well to the considered oxi-
des; this is shown in Fig. 5.

A= M .
Sy i
20t NaJ /

3
1.5
MgO ,2 _m—m
1o T T2
02 04 06 08

Fig. 5. A as function of the mass factor 7.
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At low temperatures the effect of the mass ratio
is less important and the shape of the curve of
(1-6p/6y) is mainly influenced by the elastic
constants; nevertheless the behaviour of the oxides
is again remarkably similar to that of the alkaline
fluorides. With increasing mass ratio the departure
of O from O, for both types of compound becomes
slower if O,/0y<1 (i.e. MgO— CaO; LiF —
NaF) ; but then more and more quickly for 0./6,
— CsF). Indeed, the ratio of elastic constants
>1 (i.e. Ca0 — SrO — BaO; NaF — KF — RbF)
C11/Cyy and Cy,/Cyy is quite close for LiF and MgO,
NaF and CaOj; this is shown in Table 4 (Cj-data
from Ref. 16),

C11/Cas C12/Cas
LiF 1.920 0.653 Table 4. Comparison
MgO 1.906 0.541 of the elastic constants
NaF 2.9 0.9 of LiF, MgO, NaF
CaO 2.9 0.9 and CaO at low tem-

peratures.

Note also that the initial decrease in @y with
temperature (from ©, to higher temperatures and
from O, to lower temperatures) leads to a mini-
mum near (T/0;) ~0.1, which is strongly mass de-
pendent:

T/© =0.11 for MgO; 0.105 for CaO;
0.09 for SrO; 0.075 for BaO;

No theoretical explanation for this phenomena is
yet known.

Unfortunately existing heat capacity data for the
fluorides are not available or are not quite accurate
enough to allow a more detailed comparison. Also
the lack of reliable elastic constant data for the oxi-
des prevents actually more precious conclusions to
be drawn. Nevertheless it seems that there is no
question that these oxides show the same type of in-
terionic forces as the alkaline fluorides and that the
same theoretical models as well established for these
compounds could be applicated.

Finally note that the gradual decrease in Oy, ob-
served in all oxides (as also in most part of the al-
kaline-halides) at higher temperatures may be attri-
buted to an increase in the heat capacity due to posi-
tive anharmonic effects of the vibrations themselves.

16 J. T. LEwis, A. LEHOCZKY, and C. V. BRriscog, Phys. Rev.
161, 877 [1967].
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5. Conclusions

A set of experimental heat capacities for the alka-
line-earth-oxides, reported in part I was analysed.
From the results it was shown:

— that there is a systematic change in the shape of
the vibration frequency spectra, which is virtu-
ally identical to those of the alkaline fluorides,
having nearly the same mass ratio as the oxides
and having the same ratio of elastic constants
at low temperatures;

— that therefore the oxides do not exhibit any spe-
cified divalent ionic character;

— that all oxides show a positive anharmonic con-
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tribution to the specific heat, which was excluded
in this analysis.

If this qualitative interpretation of the results
seems clear a quantitative discussion of these results
is not yet possible, due to the lack of accurate ex-
perimental data on density, elastic constants, coeffi-
cient of dilatation and compressibility and their
variation with temperatures for these oxides as for
the fluorides; and finally there is a need for the ex-
act frequency spectra, which should be deduced from
neutron scattering data. In connection with these
experimental data more detailed studies of the lattice
dynamics of alkaline-earth-oxides should be requir-

ed.
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The initial thermoelectric power of the molten salt mixtures (Ag+Me)Cl (Me=Li, Na, Rb, Cs)
has been measured at various temperatures around 800 °C using a silver electrode thermocell. In
addition the thermoelectric power of molten pure AgCl is reported.

These data have been used to obtain relative values of the heats of transport of the alkali cations
in pure salts. Moreover the global behaviour of these mixtures in respect to an ideal model for the

heat and electricity transport is discussed.

Though the first measurements of thermoelectric
power in molten salts date back to the end of the
last century, systematic work has appeared only re-
cently. HAASE! has given a concise discussion of
the data presented in the literature. For a full phe-
nomenological description of the system, initial and
stationary state values of the thermoelectric power
would be desirable. Nevertheless, as it has already
been shown 2, values of thermoelectric power at zero
time in molten binary mixtures enable to draw some
information on the global behaviour of the systems
in respect to the heat and electricity transport phe-
nomena.

This work reports measurements of the thermo-
electric power at zero time on the molten binary
mixtures AgCl +MeCl where Me =Li, Na, Rb, Cs.
The system AgCl+KCl has previously been de-
scribed 3.

Reprints request to Prof. CESARE SiNisTRI, Istituto di Chi-
mica Fisica, Universita di Pavia, I-27 100 Pavia, Italia,
Viale Taramelli.

* This work is a part of a communication given at the “Eu-
chem Conference on Molten Salts (Salice Terme — May

The surveys have been made in the thermocell:

final stage | Ag() | (Ag+ Me)Cl(;)| Ag( | final stage
(1)

at various temperatures around 800 °C and at dif-
ferent compositions.

Experimental

The “U” shaped cell, made of quartz, was placed
in a nickel block divisible into three pieces. The dif-
ferential heating of one of the two arms of the cell
was obtained by means of thermocoax resistences (So-
dern). An electrode-holder was placed in each of the
two arms of the cell to support the point shaped silver
electrode. The measuring thermocouple in platinel was
placed near the electrode and shielded by a thin quartz
tube. The differences in temperature ranged from 5 to
15 °C. All the other experimental features were ana-
logous to those described in previous works % 3.
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